Abstract. -The hypothesis is explored that fermion rest mass is due entirely to self-interaction via virtual excitation of gauge bosons. In an algebraic version of quantum field theory, fermion mass is an eigenvalue of a self-interaction operator. This formalism, applied to the electron neutrino, obtains an estimated mass 0.291×10 −5 me, within current experimental limits. Similarly decoupled from the Maxwell field, the Higgs scalar boson must have a dynamical self-interaction mass comparable to that of the neutrino. Such a small mass would elude any search restricted to heavy particles. The theory suggests that successive fermion generations are distinct coupled-field eigenstates of a self-interaction mass operator.
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Quantum field theory revisited. -A classical particle would interact with itself through the static electric field generated by its electric charge. This implies infinite mass for a point-particle, inconsistent with observed reality. In quantum field theory the model is fundamentally different. Each physical particle or field is created from a polarizable vacuum, postulated to have no net energy or current density. Fermion self-interaction results from virtual emission and reabsorption of gauge field quanta.
Renormalizable gauge invariant theory excludes bare fermion mass, but self-interaction mass due to virtual radiation fields depends on the same operators as spontaneous emission and cannot be eliminated. An interacting massless bare fermion is dressed by virtual gauge fields to become a quasiparticle. In an algebraic formalism, stability of the dressed field requires diagonalization of a mass operator defined by gauge field coupling. The Lagrange multiplier required for such secular stability is a spacetime invariant mass. This algebraic mass diagonalization implies a canonical transformation of the vacuum state. Because gauge field operators are nondiagonal in quantized theory, there is no classical analog of fermion mass. Implications of quantum field theory are reconsidered here, using an algebraic formalism that is compatible with perturbation theory but not dependent upon it.
If local charge neutrality is postulated (cosmic jellium), or atomic nuclei are treated as point charges, renormalization theory defines a self-contained quantum electrodynamics [1] , restricted to electrons and the Maxwell field. In relativistic perturbation theory [2] , self-interaction mass is a sum over momentum transfer, logarithmically divergent [3, 4] unless the sum is somehow cut off. This divergence indicates that the theory is incomplete. The 4-momentum cutoff required for convergent integrals is not determined by perturbation theory, and may be extrinsic to quantum field theory. Otherwise, electron mass is determined by electromagnetic interaction. The ultimate selfcontained theory must include a cutoff mechanism that implies correct masses for all fermions.
Extending Maxwell theory to nonabelian gauge symmetry [5] , the unified electroweak theory of Weinberg and Salam [6] [7] [8] incorporates neutrinos, quarks and SU (2) weak gauge fields. The mass of the Maxwell field is forced to zero by decoupling from the Higgs scalar boson field. The theory postulates Yukawa coupling of fermions to the Higgs field, introducing coupling parameters whose values are adjusted to physical fermion masses. If these masses are determined by self-interaction induced by coupling to the gauge fields, parametrized Higgs coupling is not needed. It is inconsistent to postulate neutrino mass exactly zero, since self-interaction mediated by weak gauge fields cannot be eliminated [9] . Since neutrinos are coupled only to the weak gauge fields, their self-interaction mass must be small.
The algebraic formalism is applied here to consider the mass of the electron, of the electron-neutrino, and of the scalar (Higgs) boson. This analysis reproduces the Feynman electron self-energy at the lowest level of approxima-tion. It justifies a calculation that results in a neutrino mass consistent with current empirical limits. If similar logic is valid for the scalar boson, its mass could be comparable to that of the neutrino. This would open up a possible relationship to gravitational theory.
Implications of self-interaction. -That a physical fermion field is a quasiparticle which acquires mass from its self-interaction is consistent with the structure of the Dirac equation: a mass parameter couples field components of opposite chirality whose energy values have opposite sign. The field equation for a bare fermion coupled to gauge fields can be rewritten so that its mass is an eigenvalue of a scalar self-interaction mass operator. Diagonalization in the Fock space of the interacting system defines a canonical transformation from bare fermions to dressed quasiparticles, identified as physical fermions. This transformation breaks chiral symmetry as it produces nonvanishing mass. Although this is implicit in standard field theory, an algebraic formulation of the theory will be developed here in which this transformation is explicit.
The constraint of fixed normalization for timelike displacements determines quasiparticle mass as an invariant Lagrange multiplier. If a quasiparticle state is embedded in a continuum of virtual excitations, the implied entity is a resonance, with an inherent finite lifetime. The secular stability of a quasiparticle constructed by diagonalization is global in spacetime. Matrix elements relevant to decay into constituent fields are removed by construction. This means in particular that a dressed electron, built from chiral bare fields of positive and negative energy, cannot decompose by interactions, short of a canonical transformation of the renormalized vacuum. Thus one cannot consider massive chiral fermions to be elementary fields. Chiral projection operators in interaction matrix elements simply reduce the magnitude of interactions with dressed electrons, whose degree of chirality is fixed by the Dirac equation.
Induced self-interaction is considered here for a scalar boson field. In fact, Lagrangian terms implied by SU(2) gauge covariance can replace the parametrized Higgs selfinteraction, while retaining the essential structure of electroweak theory. If the Higgs mass results solely from its coupling to the weak gauge fields, it might be very small. Such a Higgs particle would be overlooked by current searches for a heavy scalar boson.
A significant implication of this analysis is that for fermions the self-interaction mass operator might very well have several eigenvalues that correspond to discrete states pushed down below successive overlapping continua. This could explain the existence of higher generations of fermions, such as heavy leptons and their corresponding neutrinos.
Renormalizable field theory with no bare mass is covariant under a local scaling transformation. If gravitational theory is modified to incorporate this same conformal symmetry [10] , it identifies the imaginary mass term in the scalar field equation with the Ricci scalar, a measure of global spacetime curvature. This fails by many orders of magnitude for the currently anticipated multi-GeV Higgs mass. If the Higgs mass is small enough, it might remove this apparent inconsistency between gravitational theory and quantum field theory.
Fermion mass as an eigenvalue. -Quantum field theory is based on two distinct postulates. The first is the dynamical postulate that action integral W = Ld 4 x, defined by Lagrangian density L over a specified space-time region, is stationary with respect to variations of the independent fields, subject to homogeneous boundary conditions. The second postulate, which requires the fields to be operators in a Fock space, modifies and constrains classical field theory. Field operators act on state vectors defined by virtual excitations of a vacuum state. Classical field equations for interacting fields become coupled algebraic equations when projected onto the state vectors.
For Maxwell field A µ , defining F µν = ∂ µ A ν − ∂ ν A µ , and Dirac field ψ, in units such that = c = 1 the QED Lagrangian density is
Coupling to the electromagnetic 4-potential A µ occurs through the covariant derivative
where -e is the renormalized electronic charge. The notation used here defines covariant 4-vectors
The metric tensor g µν is diagonal, with elements (1, −1, −1, −1). Dirac matrices are represented in a form appropriate to a 2-component fermion theory, in which chirality γ 5 is diagonal for mass-zero fermions,
The dynamical postulate implies covariant classical field equations,
Separating
into self-interaction and external subfields, and using notation / A(x) = γ µ A µ (x), the fermion field equation
defines a self-interaction mass operatorm = −e/ A int . For the quantized Maxwell field, the field amplitude operators have only transition matrix elements. Hencem is purely nondiagonal, associated with virtual excitations of the radiation field. The mass operator acts in a Fock space defined by products of creation and annihilation operators.
There is no classical analog, hence no valid classical model of elementary fermion mass.
What is proposed here is to rewrite Eq. (5) as a renormalized Dirac equation and a mass-eigenvalue equation, related by consistency condition m 0 = m:
The second equation is solved in a Fock space defined by mass parameter m 0 , which is to be adjusted iteratively to satisfy the consistency condition. m 0 = 0 for bare fermions, but otherwise is a free parameter. The computed eigenvalue can be identified with δm(m 0 ) in standard perturbation theory. The consistency condition m 0 = δm(m 0 ) forces the two equations to be equivalent to the original field equation in renormalized Fock space.
Eqs. (6) 
Operators a k , η p and parameter m 0 define vacuum state |0 such that a k |0 = 0 and η p |0 = 0, where
x is the free photon field for 4-momentum k. Dirac free-wave functions ψ p (x) are defined for
Because the current density satisfies ∂ µ j µ = 0, the inhomogeneous Maxwell equation cannot change gauge condition ∂ µ A µ k = 0, if assumed for the photon fields. This simplifes derivation of the field equations.
On a spacelike surface indexed by parameter τ , excitation operator χ † (τ ) defines state χ † (τ )|0 and surface action integral W (τ ) = 0| τ d 3 xχLχ † |0 . Condition χ|0 = 0, required for a stable pseudostate, may imply a canonical transformation of the vacuum. Defining W = W (τ )dτ between nested spacelike surfaces, coupled field equations for independent fields φ(x) are determined by the variational condition
An algebraic theory is obtained by expanding χ
implies linear algebraic equations for the coefficients c λ (τ ). A field state is determined only if field and algebraic equations are both satisfied. Lagrange multiplier m, distinct from renormalization parameter m 0 , is required to enforce the normalization constraint λ |c λ | 2 = const. This does not constrain τ -dependent phase factors, which can be adjusted to remove diagonal elements of the algebraic equations. This reduces them to the form of mass-eigenvalue equations.
Defining W (τ ) on a spacelike surface clarifies several aspects of the theory. Past and future are well-defined. A stable pseudostate constructed on surface τ by superimposing global spacetime field solutions requires consistency with past creation events (retarded potentials) and with future annihilation events (advanced potentials). This is built into Feynman propagators [2] .
For
This is a sum of terms that all vanish if m → ∞. Because a finite sum could not produce this limit, a cutoff of the infinite sum may be inherent in the algebraic equations. Rather than explore the true limit of this expansion, derivations here will be limited to the mass formula implied by the leading algebraic equation, which acts as a mean value expression. The gauge field equations determine coefficients c a consistent with perturbation theory, which would expand the inverse matrix here in powers of a coupling constant.
Mass of the electron. -The self-energy of a free electron can be evaluated to order e 2 using Feynman's rules [2, 4] . The relevant Feynman diagram describes virtual emission and reabsorption of a photon of 4-momentum k by a free electron. The present analysis replaces perturbation theory for this virtual process by approximate solution of the algebraic eigenvalue equation {m − m}ψ = 0. For restricted k, electron mass m must be computable to relative accuracy e 2 using only singlephoton virtual excitations. Renormalized electric charge is assumed here.
Including only the lowest-order virtual excitations, p → p − k for k = 0, a dressed quasiparticle is created by
. Coefficient c p−k (τ ) determines field intensity and modifies the time dependence of the induced field. This is consistent with radiation theory, which computes c p−k (τ ) as a continuous function, using time-dependent perturbation theory. There is no discontinuous quantum jump: occupancy |c p−k (τ )| 2 n k of a fixed one-photon state increases continuously with τ .
In a diagonal representation of the free fields,
Including this phase factor, the coupled algebraic equations are consistent with c p = 1 and the mass formula m = k f pk c p−k . It will be shown that this agrees with Feynman perturbation theory. The equation for c p−k neglects higher-order matrix elements. It is inconsistent with low-order perturbation theory and the field equations, which will be used here to determine c p−k .
For plane waves, phase factors cancel out exactly from the coupled equations. The mass-eigenvalue field equation is −e k / w k u p−k c p−k (0) = mu p c p . This verifies the algebraic equation
For a free electron,
Constant c p implies two independent c-number field equations subject to m 0 = m, the renormalized Dirac equation {iγ µ ∂ µ − m 0 }ψ p (x) = 0, and a mass-eigenvalue equation −eγ
Restricted to retarded potential terms, A (k)γ µGD (p − k)γ ν u p , independent of p due to Lorentz covariance. This is the 2nd order Feynman self-energy [2] .
This is an explicit Fourier transform:
The integral for m(m 0 ) diverges logarithmically. Convergence is forced if a covariant Feynman cutoff factor [11] Neutrino mass. -The self-interaction mass of the neutrino involves two distinct weak-interaction processes. The first, virtual excitation of an electron/positron and a W ± gauge boson, dominates the second, virtual excitation of a neutrino and Z 0 , because interaction mass is proportional to intermediate fermion mass. SU(2) symmetry can be assumed for the intermediate W ± process, eventually broken by the self-interaction masses of the ν, e doublet. The SU(2) Lagrangian density [5] is
τ is a 3-vector of 2 × 2 matrices identical to the Pauli matrices σ.
A massless fermion has definite chirality. Because m ν → 0 for neutrinos, γ 5 u p → −u p . In matrix elements involving neutrinos,
, and the projection operator can be included or omitted arbitrarily. This justifies postulating full SU(2) symmetry for leptons in processes such as beta-decay, without violating their empirical V − A character. Electroweak theory for quarks, involving hadronic structure, is beyond the scope of the present analysis.
The classical inhomogeneous weak field equation is
, where I ν is the sum of all self-interaction terms, including gW µ × W µν and self-interaction induced by the Higgs boson, subject to the conservation law ∂ ν J ν = 0. If ∂ ν W ν = 0, an effective mass is determined by the mean value of
Since ∂ νj ν = 0, these equations are consistent. The inhomogeneous weak field equation can be approximated by
For a vector field with mass M , the Green function defined such that
The neutrino self-interaction mass operator ism ν = g 2 γ µ τ ·W int µ . If {m ν − m ν }ψ = 0 and m ν0 = m ν , the renormalized neutrino field equation is
− m ν0 }ψ = 0. In analogy to the electron self-interaction, the mass eigenvalue can be estimated by the second-order Feynman convolution integral
Feynman propagator G D refers to an electron or positron, with mass m e , accompanied by gauge field W ± , respectively, restricted to (t y < t x , t y > t x ). An intermediate neutrino plus Z 0 implies an integral proportional to neutrino mass, which can be neglected. Spinorsū p · · · u p project onto the renormalized neutrino state. Neglecting the neutrino mass parameter, / p ≃ 0 simplifies the integral. The gauge field requires a Klein-Gordon propagator for M = M W . The Feynman 4-momentum cutoff for convergent integrals replaces the photon factor
With these assumptions, using standard γ-matrix algebra, the integral to be evaluated is
The denominators here can be combined using 
a contour integral enclosing the positive pole (displaced below the real axis) implies Unlike the photon, W ± is unstable. Its energy width Γ suppresses the neutrino mass integrand in coordinate space by e −Γ|tx−ty| , establishing a dynamical scale for Feynman cutoff factor
Using experimental parameters [7] g =0.6524, m e =0.511MeV, M = M W =80.33GeV, and setting Λ = Γ W =2.64GeV [6] , m ν = 0.291×10 −5 m e =1.49eV, within current experimental limits [12] .
The SU (2) 
The imaginary mass term w 2 Φ † Φ in ∆L would by itself destabilize the vacuum state. It must be counteracted in any viable theory. This is accomplished by the biquadratic term −
theory considers an exact particular solution Φ such that 2 Φ = 0 and In gauge-invariant L Φ = (D µ Φ) † D µ Φ, the covariant derivatives couple isospin doublet components of an SU(2) scalar field to the weak gauge fields. It will be shown here that the implied self-interaction terms can replace a separately postulated ∆L. The quadratic form of derivatives provides an imaginary mass term, counteracted by virtual gauge field emission and reabsorption. This replaces parameters w 2 and λ by interaction terms. The renormalized scalar field equation is equivalent to that assumed in electroweak theory.
In U (1) × SU (2) gauge theory, covariant derivative
. Self-interaction due to virtual intermediate weak field quanta arises from the weak current density j µ = ∂LΦ ∂U µ = −2ie 0 Φ † ∂ µ Φ, coupled to U µ . w 2 can be replaced in ∆L by an eigenvalue or mean value ofŵ 2 computed for the virtual gauge fields generated by this current density. For j µ = −2e 0 Φ † i∂µΦ Φ Φ, the 2nd order self-interaction is operationally equivalent to a term −λ(Φ † Φ) 2 in ∆L. Coupled only to the weak gauge fields, Φ 0 should have a selfinteraction mass comparable to the neutrino.
The theory can accommodate two physically distinct weak isospin doublet complex fields Φ(y) with hypercharge y = ±1. The present argument cannot exclude the existence of charged scalar fields Φ ± or a neutral biparticle Φ + Φ − . Transient fields Φ + (+1) and Φ − (−1) could exist but neutralize each other. Their mass, including an electromagnetic self-interaction, should be comparable to that of the electron. The condition Φ ± (y) = 0 may be a dynamical consequence of the larger mass, not requiring a specific postulate. Since the neutral Higgs Φ 0 (y = 1) has
itself not yet been detected, it is difficult to conclude that present experimental data rule out the possible existence of distinct neutral fields Φ 0 (y = ±1) or the Φ ± charged components of the isospin doublets. The SU(2) scalar field provides a possible link between the standard model and gravitational theory [10] . Invariant action integral I a = d 
